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Indexed Types

Indexed families of types aruseful!
¥ list(t) where t type

¥ array(n) whee n nat

¥ proof(p) whete p prop

Uniform and non-undrm families.

¥ array(int) = int_array
amray(t*u) = aray(t) * aray(u)



Indexed Types

Mary goplicationsmore every dy.

¥ Bounds checking (XPEnning)

¥Flat data epresentations (Chal& Keller)
¥ Code cetibcation (Sarkar)

¥ GADT® (Xi,Hinze,...)

¥Access contol (Harper & Kumar)

¥ Imperatie veribcation (Morisett)




Some Characteristics

One or more index domains.

¥ types (qua data)

¥ numbersstrings

¥ propositions

¥ proofs

Typicaly built-in (and/or abused).




Some Characteristics

Index expessions.

¥ constantssuch as ambers

¥ variables

¥ operationssuch as arithmetic

¥ binderssuch as prpositions or poofs

Varies fom one domain to the next.




Some Characteristics

Constraints = pedicates on indices.
¥ debnitional equality

¥ propositional equality

¥ inequalityentailment

Constraints inf3uence type checking!

¥i = jimplies aray(i) = aray(j)




Some Characteristics

Constrained types.
¥{a:mat(n)|0!n!10}

¥0!n!10 = nat(n)— amray(n)— nat
¥ pf(ma-access(p)) = Ple(r)— string

Impose estrictions on callers.




Some Characteristics

Constraint satisfaction /aribcation.

¥ Fragments of arithmetic (Bsburgeromega
test,integer pograms)

¥ Decision pocedures br other domains.

Fundamentalldemand gidence ér the validity
of a constraint (a pof).




Extensible Index
Domains

Would like to hare programmer-defined
iIndex domains and logics.

¥ Ad hoc logicsdr reasoning abouiDT® (a

little goes a long wy).

¥ Rich language of modeling types f
specibcations.

Each abstraction comes withCaheoyO of wij
It works.




Extensible Indexing

signature SETS = sig

fam ind : Type % elements of sets
fam set : Type % finite sets

obj void : set.
obj sing : ind — set.
objs union, diff : set — set — set.

fam prop : Type /» propositions
objs eq, neq : set — set — prop.

fam pf : prop — Type % proofs

end




Extensible Indexing

sighature QUEUIEE sig
Import Sets : SETS

typ elt : ind = type
typ queue : set = type

val empty : queue|void]
val enq :
V Ilind V s:set
elt[i] — queue[s] — queue[union(s,sing(i))]
val deq :
vV s:set V _:pf(neq(s,void)) queuel[s] —
3 1ind  elt[i] x queue[diff(s,sing(i))]

end




Extensible Indexing

Goal.integrate an extensible framerk for
iIndexing into an ML-l&language

¥Run-time language mmaae efects.

¥Type system permits inbduction of nav
familiesexpressionsgonstraintsproofs,
logics.

Approachextend ML with a sufpciemtl
expressie logical frameork.




Integrating a Logical
Frameavork

Which logical frameork?
¥ Long-termFull LF

¥Here: Abstract Binding Trees

ich ppgramming language with

kind of ab&Jinducing a type of abjO
¥ constructors and expessions ger abt®




Abstract Bindingrees

Generalize abstract syntaxees to accountdr
binding and scope

¥ variables

¥ operators,0"(a, ...,é)
¥ abstractorsx.a

The valence of an abt is the # of binders.

The arity of an operator is a sequence of
valences.




Abstract Bindingrees

For examplethe signatue of lambda:

¥ app :(0,0)
¥lam (1)
ThusAx.xx Is represented § lam"(x.ap"(x,X))

Abt® are identibed up toenaming of bound
variables!




Abstract Bindingrees

The judgemen® ! a~ | meansais an abt of
valencd with free variable¥=xu,...,x.

¥ Inductively dePned p a set of rules.
SufPcient to handle mamteresting examples
¥ But eventualy we need full LF




Structural Induction
Modulo o

To show Py(a~l) whenerer ¥ ! a~ |, showv

¥ for every x st¥= VY1,x, V2, show Py(x~0)

M if Py(au~11) an)~0),
whenever 0 ~ (iy, ...,

¥ if Py x(a~1) then R(x.a~I1+1) for OfeshO x

InPnitay simultaneous induction!




Structural Induction

For exampleto show P(a)for every lambda
term awith varsxu, ... Xn,

¥ show P(x) for every variable x
¥if P(a) and P(g),then P(pp"(a,a))
¥ for OfeshO »f P(a)then P(lam"(x.a))

(Context and valence supgsseddr clarity.)




Structural Induction

TheOfeshnessO condition caway}s be met ly
alpha-cowmersion.

¥ cf Piece/Weirich,Pitts,Pollack/McKinna,.

Can be =oided usingglobally nameless
representations.

¥access the context positiongll
¥ (more below)




IntegratingABT®

Structure of the ambient PL:

¥ static pat: constructors classiPedytkinds

¥includes types qua data and indices

¥ restricted to be

DUe, decidable equiv

¥ dynamic patr terms classipedybtypes

¥ no restrictions on purity




IntegratingABT®

Type families & indexd

by constructors.

¥uniform and non-undrm type operators

¥indexed families such asray(n::nat)

¥ constraints and wofs (ensues adequacy)

¥ Omodeling types@ &
Decidedy notOtrueO de

necibcations.

pendent types!




IntegratingABT®

Add a kind of abf valence I.
¥ K ::=..] abt[l]

Treat abtOas constructors (of this kind).

¥C:=.]a

DePne a abt|l] to hold iff a~ I.

¥ ABTO&prnovide a generabfm of static data




ComputingWith ABT®

Internalize structural induction at the
constructor and expession lgels.

¥Permits non-unibrm families of types.

¥ Permits non-unibrm recursion oer such
families.

(Also need popositional equalitydr GADT-
like examplesSee pper.)




ComputingWith ABT®

Examplethe sizeof a lambda term.

Au::abt[0].abtec
{var=1
| ops=> { lam= Am.m+1,
app = A(m,n).m+n+1}

| abs =>Am.m } (u)

Deceptiely simple!




ComputingWith ABT®

Exampleid ::abt[0] — abt[O].
AX.abtrec
{ var= ...the variable ...
abs=> Aa....abstract fee var of a...

ops=>{ lam=> Aa....lam(a) ...,

app= Aa,,a)....app(a,a) ...
]

1 (X)




ComputingWith ABT®

Several iIssues arise:

¥ must consider variable valences
¥ mustOcomputeO with abtO

¥ what to do about fee variables?

The brst Is easilhandledput variables arate
some complications.




ComputingWith ABT®

How do we computeABTE?

¥ Create 0"(a,...,a) from a:abt.

¥ Create x.a fom ??2? and a:abt.

Central issuehandling variables and scope
¥ Ensue respect 6r x-conversion.

¥ Avoid bureaucracy of names.




Managinyjariables

Nominal gpproach (tried and abandoned):
¥ male name®Pprst-class valuesO

¥ explicity manage binding

¥ gpartness conditions permeate

We usecontextual modal type theory.
¥ cf SarkaNanevski/Pientka




Managinyariables

Generalize kind of alst@ abt[1][L]
¥ valence | (as befre)

¥ arity L = context of flee variables

Kind abt[0][x:0 *y.0]
with free variables (

¥ eg,app".y) :: abt

represents gound abtO
parameterg)andy.

0][x:0 *y.0]




Managinyariables

Formally, arities ae (chosen) poducts of
(computed and Ped) valences.

¥ (Some technical complications arise d&r

Free variables & accessedybprojection from
the context.

¥ globaly namelessdpcaly namefuldrm!




Managinyjariables

General instantiation of parameters:

¥if P :abt[l][L] and IO S :1,then
P"S :abt[l][LO]

Example:
¥ u :abt[0][x:0] ! lam"(yu"(y)) :abt[O0][]




Copying ldentity

id : Vw::ctx Vi::val abt[i][w}> abt[i][w] =

AW. Ai. Au.abtrec
{var(x) = X  return the parameter itself

| abs= Aa.(x.a"(xit)) rebind after copy
| ops=> { lam=> Aa.lam"(a'lf)),

aPp =
. A(ag,&). app"(a"(it), &"(t)) } }
u




Copying ldentity

What® really happening with parameters:

¥ type checki(m(it)) relatie to the context
w * 0 * wOlpr arbitrary w,wQO::ctx

¥ ie, for each variable in the context

The globall name-fee brm avoids freshness
conditions.

¥ in examples wOlabelO the variable




Further Examples

In the pgper we present examples such as
¥ substitution and normalization

¥ HinzeStries with Olet@®ver types

¥ GADT of terms of a specibed type

No further machiney required,except
propositional equalityor GADTG.




Summay

A Prst step tavards an integration of LF with
ML to suppot extensible indexing.

¥ parameterization ¥ a signatue
¥ structural induction modulax
¥ handling of fee names duringecursion

Please see the par for mary more detalls.




